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CHAPTER 1

INTRODUCTION

Brittle and quasi-brittle materials such as ceramics and concrete are widely used in
civil and defense applications. Predictive modeling of brittle/quasi-brittle materials is thus
of practical importance. Consequently, research into the behavior of brittle/quasi-brittle
materials under various conditions (e.g., high loading rates, low temperatures) remains
active among engineers and materials scientists [1-15]. As a result, a number of theoretical
and computational models have been developed in recent years for brittle materials; some
of them are now available in engineering analysis codes [2, 11-14]. This research focuses
on a three-dimensional constitutive model, the Dominant Crack Algorithm (DCA) model,
which was developed for damage response of brittle materials based on a statistical
consideration of the microcracks in the materials [12].
Brittle and quasi-brittle materials normally contain a large amount of defects
(microvoids and microcracks), which significantly affect the response of the material under
loading. Whereas the behavior of ductile materials (metals) under normal conditions is
reasonably well understood and can be approximated by a plasticity model, brittle/quasibrittle materials present more challenges. Depending on the loading conditions, the
behavior of brittle/quasi-brittle materials can transition from ductile to brittle, making it
difficult to predict. Furthermore, the response of a brittle or quasi-brittle material is
1

dependent on the size of the sample tested. This is known as the size effect [3-10] and is
the focus of this research. In this research brittle and quasi-brittle materials are treated in
a similar fashion and for convenience we will use brittle materials for both brittle and quasibrittle materials.
To model the size effect in brittle materials, we extend the DCA model, developed
by Zuo et al. for brittle materials (ceramics) under dynamic loading conditions [12]. The
size effect is included in the extended model by considering the initial value for the mean
size of the defects (crack radius) in the material, a model parameter for the original DCA
model, as a function of the sample size. Dependence of defects on the sample size has been
observed in brittle materials but has not been accounted for in existing constitutive models
for brittle materials [17].
As a validation, the current model was applied to study the effect of contact area on
the local pressure in sea ice, a topic of considerable interest to design of offshore structures.
The model calculations were compared to the empirical relations (models) that are
currently used in offshore structural engineering. Comparisons show that the current model
can predict the empirical relations of the pressure-contact area used in the specifications.
As the model is based on the micromechanics of material defects, results of this research
provide a mechanics basis for the pressure-area relation given in the specifications, which
is purely empirical.
A better understanding of the behavior of brittle materials, and perhaps more
importantly, an accurate and computationally efficient model for brittle materials under
general loading conditions can lead to a more rational and cost-effective design of
structures involving brittle materials. The thesis proceeds as follows. Some background

2

on elasticity, plasticity, and size effect are first presented, followed by an introduction to
the predecessors of the DCA model. Next, the theoretical formulation of the DCA model
and its numerical implementation are discussed in some detail. Modification to the DCA
model to include the size effect is then presented. Lastly, the model predictions are
compared to the pressure-contact area relations in the design codes and specifications
currently used.

3

CHAPTER 2

BACKGROUND THEORY

This chapter provides a brief overview of the basic theory pertinent to the DCA
model. Elasticity and plasticity theories are directly applicable to the model formulation
discussed in Chapter 3. For these subsections, a majority of the material was taken from
Lubliner’s “Plasticity Theory” [1]. The third subsection covers the topic of size effect
providing a background relevant to the central purpose of this paper. The material
presented is referenced from work completed by Nohut, Bazant, and several others on the
topic [3-10].

Linear Elasticity
Consider the deformation of a solid under a general (three-dimensional) state of
stress. For stresses below some certain critical value (e.g., the yield stress of the material),
the deformation is elastic and the relationship between the stress and strain is linear, given
by
𝝈 = 𝑬𝜺.

4

(2.1a)

In indicial form, the relationship reads
𝜎𝑖𝑗 = 𝐸𝑖𝑗𝑘𝑙 𝜀𝑘𝑙 ,

(2.1b)

where 𝝈 is the Cauchy stress and ε is the strain (for brittle materials, deformation is small
enough so that there is no need for various definitions of strain tensor), both are 2nd-order
tensors, and 𝑬 is the elasticity tensor, a fourth-order tensor which will be discussed in more
detail later.
For small deformation problems, the components of the strain tensor in a Cartesian
coordinate system can be calculated from the gradient of a displacement field as
𝜀𝑖𝑗 =

1
2

(𝑢𝑗,𝑖 + 𝑢𝑖,𝑗 ),

(2.2)

where i and j range from 1 to 3 and 𝒖 is the displacement vector [1].
In studying material response it is often more convenient to work in the principal
basis of the stress tensor. Let  1   2   3 be the principal stresses and e1 , e2 , e 3 be the
corresponding principal directions. The stress tensor can then be written as
𝝈 = ∑ 𝜎𝑗 𝒆𝑗 ⨂𝒆𝒋 .

(2.3)

𝑗=1,2,3

Here the ⊗ operator is referred to as the tensor product and is explained in detail in [12].
The principle stresses and principal directions can be found by solving the following
eigenvalue problem:
𝝈𝒆𝑗 = 𝜎𝑗 𝒆𝑗 , 𝑗 = 1,2,3 (𝑛𝑜 𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑣𝑒𝑟 𝑗).
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(2.4)

If the stress components 𝜎𝑖𝑗 are given in an arbitrary basis, then the principle stresses can
be calculated by solving the following characteristic equation (the Caley-Hamilton
equation):
det(𝜎𝑖𝑗 − 𝜎𝛿𝑖𝑗 ) = −𝜎 3 + 𝐼1 𝜎 2 − 𝐼2 𝜎 + 𝐼3 = 0,

(2.5)

where 𝐼1 , 𝐼2 , and 𝐼3 are referred to as the principle stress invariants and 𝛿𝑖𝑗 is the Kronecker
delta. The principle invariants are given by
𝐼1 = 𝜎𝑖𝑖 ,

(2.6)

𝐼2 = 2 (𝐼12 − 𝜎𝑖𝑗 𝜎𝑖𝑗 ),

(2.7)

𝐼3 = 𝑑𝑒𝑡( 𝜎𝑖𝑗 ).

(2.8)

1

In modeling the elastic-plastic deformation of materials it is useful to decompose
the stress tensor into the spherical and deviatoric parts:
𝜎𝑖𝑗 = 𝜎𝑚 𝛿𝑖𝑗 + 𝜎𝑖𝑗𝑑 ,

(2.9)

where 𝜎𝑚 is the mean (spherical) stress and 𝜎𝑖𝑗𝑑 is the deviatoric stress tensor (or stress
deviator).

The principle invariants of the deviatoric stress tensor are particularly

convenient in modeling the plastic behavior of an isotropic material. The deviatoric
invariants are given by
1

𝐽2 = 2 𝜎𝑖𝑗𝑑 𝜎𝑖𝑗𝑑 ,

(2.10)

𝐽3 = 𝑑𝑒𝑡(𝜎𝑖𝑗𝑑 ),

(2.11)

where the first variant by definition is equal to zero.
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The elasticity tensor, 𝑬, as mentioned in Eqn. (2.1a), is a fourth-order tensor and
has 81 components. For an isotropic solid, the 81 components can be calculated from the
following
𝐸𝑖𝑗𝑘𝑙 = 𝜆𝛿𝑖𝑗 𝛿𝑘𝑙 + 𝜇(𝛿𝑖𝑘 𝛿𝑗𝑙 + 𝛿𝑖𝑙 𝛿𝑗𝑘 ),

(2.12)

where 𝜆 and μ are the Lamé constants, which are related to the Young’s modulus, E, and
Poisson’s ratio of the material, 𝜈, by

𝜆=

𝜈𝐸
,
(1 + 𝜈)(1 − 2𝜈)

(2.13)

𝐸
.
2(1 + 𝜈)

(2.14)

𝜇=

In Eqn. (2.14), the Lamé constant, 𝜇, is the shear modulus, often denoted by 𝐺. The bulk
modulus, 𝐾, is an additional material parameter commonly used and is related to the Lamé
constants by
2
𝐾 = 𝜆 + 𝜇.
3

(2.15)

Substituting Eqn. (2.12) into Eqn. (2.1b), the stress-strain relationship can be rewritten as
𝜎𝑖𝑗 = 𝜆𝜀𝑘𝑘 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 .

(2.16)

Using Eqn. (2.14) and Eqn. (2.15), the relationship can be written in terms of shear and
bulk modulus. The resulting equation, which will become important in the numerical
implementation of the model discussed later in the thesis, is
2

𝜎𝑖𝑗 = (𝐾 − 3 𝜇) 𝜀𝑘𝑘 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 .
In terms of the bulk modulus, 𝐾, and the shear modulus, the elasticity tensor, 𝑬, is

7

(2.17)

2
𝐸𝑖𝑗𝑘𝑙 = 𝐾𝛿𝑖𝑗 𝛿𝑘𝑙 + 𝜇 (𝛿𝑖𝑘 𝛿𝑗𝑙 + 𝛿𝑖𝑙 𝛿𝑗𝑘 − 𝛿𝑖𝑗 𝛿𝑘𝑙 ).
3

(2.18)

Eqn. (2.18) is equivalent to Eqn. (2.12); however, it is easier to invert Eqn. (2.18) when the
compliance tensor is needed (see [12] for details). Eqn. (2.16) can be inverted to get the
strain in terms of stress:

𝜀𝑖𝑗 =

1
[(1 + 𝜈)𝜎𝑖𝑗 − 𝜈𝜎𝑘𝑘 𝛿𝑖𝑗 ].
𝐸

(2.19)

Plasticity
In the previous section, the material response was determined solely by Hooke’s
Law and remained in the elastic range. While in that range, the behavior is maintained
whether loading or unloading the body. Materials have a limiting stress where elastic
behavior is maintained as long as stress remains less than this value. When exceeded,
however, the material will enter a region where permanent deformation occurs. That is, if
the load is completely removed, a permanent strain will remain in the material. This limit
is often referred to as the elastic limit or the yield stress of the material and the ensuing
deformation is called plastic deformation and behaves non-linearly. A number of different
stress states can result in reaching the elastic limit causing the material to yield. This is
represented by a continuous function for which a region exists of elastic behavior. Outside
of this region, plasticity in the material occurs and plastic theory must be considered. The
yield surface is represented by
𝑓(𝜎𝑖𝑗 ) = 0.

8

(2.20)

If the yield surface is isotropic, then the yield function can be given in terms of the
invariants, 𝑓(𝐼1 , 𝐽2 , 𝐽3 ). For example, the von Mises yield surface, which is used in the
current DCA model, takes the form of
𝑓(𝝈) = 𝜎̅ − 𝜎𝑦 = 0,

(2.21)

where 𝜎̅ denotes the von Mises stress, given by
𝜎̅ = √3𝐽2 ,

(2.22)

with 𝐽2 defined in Eqn. (2.10).
When 𝑓 ≤ 0, the material behavior remains elastic; however, when 𝑓 = 0, plastic
deformation occurs. Using associated flow rule, the plastic strain rate is given by
𝜺̇ 𝑝 = 𝜆̇

𝜕𝑓
,
𝜕𝝈

(2.23)

where 𝜆̇ is a plasticity parameter that will be determined by requiring that the stress state
remain on the yield surface during plastic flow, 𝑓̇(𝝈) = 0.

This is known as the

consistency condition. For the von Mises considered here, the substitution of Eqn. (2.21)
and Eqn. (2.22) into Eqn. (2.23) yields

𝜺̇ = 𝜆̇
𝑝

3𝝈𝑑
.
2𝜎̅

(2.24)

In general, the yield stress 𝜎𝑦 of a material evolves with the plastic strain accumulated in
the material and the phenomenon is called strain hardening. In this work, strain hardening
is not considered and the yield stress 𝜎𝑦 is a material constant.

9

Size Effect
The topic of size effect has been extensively studied for the purpose of improving
the predictive capabilities for brittle materials.

Among the research, the common

motivation is the need to design structures with extremely low failure probabilities – on the
order of 10-6. Based on this need, it is generally accepted that in order to obtain such
probabilities, more than histogram testing alone is required [3-10]. This is due to the fact
a large number of test samples would be needed to obtain low enough probabilities
resulting in a significant amount of time and money invested. In response to this fact,
additional methods were developed, in particular, methods based on statistical probability
distribution functions. The commonly used functions are normal Gaussian, log-normal,
Gamma, and Weibull [3].
The normal Gaussian distribution is extensively used throughout many fields for
extrapolating data. For the purpose of structural strength, it is given by the equation [3]

𝑃(𝜎) =

1
√2𝜋𝛼

𝑒

(𝜎−𝜎
̅ )2
2𝛼2 ,

(2.25)

where 𝜎̅ and 𝛼 2 represent the mean and the variance and is calculated using the following
equations.
𝑛

1
𝜎̅ = ∑ 𝜎𝑖
𝑛

(2.26)

𝑖=1

𝑛

1
𝛼 2 = ∑(𝜎𝑖 − 𝜎̅)2
𝑛
𝑖=1

10

(2.27)

The log-normal and Gamma distributions are often used for highly skewed data. In
the case of log-normal, the natural logarithm of a variable creates a normal distribution,
given by [3]

𝑃(𝜎) =

1
𝛼𝜎√2𝜋

𝑒

(𝑙𝑛𝜎−𝜎
̅ )2
2𝛼2 .

(2.28)
𝛼2

For this case, the distribution will have a 𝑚𝑒𝑎𝑛 = 𝑒 𝜎̅+ 2 and with a 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 =
2

2

𝑒 2𝜎̅+𝛼 (𝑒 𝛼 − 1).
The Gamma distribution function is given by [3]

𝑃(𝜎) =

𝜎
1 1
𝑘−1 −(𝜃 )
𝜎
𝑒
,
𝜃𝑘 𝛤(𝑘)

(2.29)

where θ is a scaling parameter and k is a shape parameter. The function 𝛤 is given by the
following equation.
∞

𝛤(𝑎) = ∫𝑛 𝑡 𝑎−1 𝑒 −𝑡 𝑑𝑡

(2.30)

The last distribution discussed in this thesis is the Weibull distribution which is a
type of extreme value statistic. This type of distribution puts emphasis on the rare values
at the edge of the distribution, which is beneficial when considering distributions where
the rare occurrences are the highly undesirable ones. Weibull is given by the following
equation [3].
𝜉

−((𝜇−𝑥)/𝜎)
𝐺(𝑥) = {𝑒
0

𝑓𝑜𝑟 𝑥 ≤ 𝜇
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2.31)

In the above equation, 𝐺(𝑥) is the probability distribution function, µ is the location
parameter, ξ is the shape parameter, and σ is the scale parameter. The Weibull distribution
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can also be written in a more commonly used form applicable to structural strength given
by

𝑃(𝜎, 𝑉) = 1 − 𝑒

−(

𝑉 𝜎 𝑚
)( )
𝑉0 𝜎0 ,

(2.32)

where 𝑉 is the volume, 𝑉0 is the unit volume, 𝜎 is the uniaxial stress, and m is the Weibull
parameter. Lastly, 𝜎0 is the characteristic stress when the failure probability is 63.2% and
V = 𝑉0. In the case that V=𝑉0, the probability density function becomes [3]
𝑚
𝑚 𝜎 𝑚−1 (−𝜎
)
𝜎
0
𝑃(𝜎) = ( )
𝑒
.
𝜎0 𝜎0

(2.33)

This equation is known as the two-parameter Weibull distribution. A three-parameter
function also exists.
Prior to discussing size effect, it will be beneficial to define the three material
behavior responses of interest: perfectly ductile, perfectly brittle, and quasi-brittle. In
discussing these material behaviors, the representative volume element, or RVE, is often
considered, which is defined as the smallest element for which the failure of said element
will result in the failure of the entire structure [4]. That being said, a perfectly ductile
material exhibits un-localized failure. For this type of behavior, the failure load can be
calculated by taking a weighted sum of the material strengths of all the RVE’s lining the
failure surface. Conversely, a perfectly brittle material fails due to the failure of a single
RVE. The infinite weakest link model describes this phenomenon and says that because
the size of the RVE is negligent to the size of the structure, an infinite number of RVE’s
are used. A common analogy is a chain breaking when one of the links fails. The third
behavior, and the focus of this paper, is quasi-brittle behavior. For this type, the failure of
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the material can exhibit both brittle and ductile behavior with a response falling in between
the two behaviors [4]. More on this type of behavior later.
Currently, the two material behavior types with the best understanding of applicable
probability distributions are perfectly ductile and perfectly brittle. A normal Gaussian
distribution and a Weibull distribution can be used, respectively, to predict the strength of
materials with these behaviors [4]. In the case of quasi-brittle materials, however, the RVE
size is not negligible when compared to overall structure size. Previous research has shown
that a quasi-brittle material can transition from quasi-ductile to brittle as the size of the
structure increases introducing a size effect affecting the applicable probability distribution
[4]. A normal distribution is more applicable at small sizes transitioning to a Weibullian
distribution as the structure size increases [4]. The complex behavior exhibited by this
material type is the reason why so much effort has been focused towards finding applicable
statistical methods. Based on literature, it is understood that the structure size and strength
are inversely related [3-10]. This is due to the fact that as the size increases, so do the
number and size of defects. The larger number of defects and the larger mean crack length
increase the probability of the defects coalescing into larger cracks leading to catastrophic
failure prior to maximum strength. The above discussion about probability distribution
functions and their applicability to fracture mechanics is typically used in conjunction with
empirical data to determine the necessary statistical parameters for predicting a structure’s
strength. It should be noted that the above processes do not hold physical meaning being
purely statistical methods - an aspect this thesis attempts to address.
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CHAPTER 3

MATERIAL MODELS

We now turn to the micromechanical damage models pertinent to the primary focus
of this thesis. Prior to discussing the model formulation and numerical implementation of
the model used for this study, a brief introduction to the predecessor models is presented.
This chapter wraps up with how size effect is incorporated into the current model.
Published works by Zuo, Addessio, Dienes, and others [2, 11-15] were used for the
information provided in this chapter.

Previous Models
Two micromechanical models on which the current DCA model is based on, namely, the
Statistical Crack Mechanics model and the Isotropic Statistical Crack Mechanics model,
are discussed below.

Statistical Crack Mechanics (SCRAM) Model
The SCRAM model, developed by Dienes (see [14] for a comprehensive list of
references), treats defects in a brittle material as penny-shaped cracks that are randomly
oriented and distributed throughout the material. The distribution of the crack orientation
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is initially assumed to be isotropic. The cracks are divided into crack sets (or bins),
according to their orientations. The number of the crack sets and the orientation of each
crack set are part of model inputs (for a typical three-dimensional calculation 9 crack
orientations are used, though 480 orientations have been tried for an impact problem [14]).
For each crack set the model considers the crack orientation and the stress state to
determine if the cracks in that set are open or closed, stable or unstable, active (capable of
further growth), and inactive (in capable of further growth, as a result of intersecting other
cracks) so the statistical distribution of the cracks for that crack set can be properly updated.
Because the statistics of crack distribution is tracked for individual crack sets, the model
captures the anisotropic nature of damage in brittle materials. This approach to modeling
the dynamic behavior of brittle materials is consistent with the mechanics of cracks and
has been successfully applied to a variety of problems involving brittle materials, ranging
from impact sensitivity study to design of ceramic armors.
mathematically complex and computationally intensive.

However, the model is

Several models have been

proposed since early 1990s to improve the computational efficiency while maintaining the
key physics in the SCRAM model. Among the models, the Isotropic Statistical Crack
Mechanics model, or ISOSCM, and the DCA model [12, 13] are most relevant to this
research; they will be discussed next.

Isotropic Statistical Crack Mechanics (ISOSCM) Model
In the 1990’s, Addessio and Johnson developed the ISOSCM model [13], which
was based on the SCRAM model but with some assumptions which significantly simplify
the model formulation. The key assumptions are a) the probability distribution of cracks
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remains exponential in the size (radius) and b) the distribution function remains isotropic.
With these assumptions, the evolution of damage is modeled by a damage surface, given
in terms of the shear (von Mises) stress, pressure, and the mean crack radius. When the
stress state resides within the damage surface, the material does not accrue additional
damage and the response is elastic. When outside the damage surface, the mean crack size
increases, resulting in additional damage accumulation in the material and an inelastic
response. Compared to the SCRAM model, the ISOSCM model is simpler and efficient
computationally; consequently, it has been used in a wide range of applications, especially
in the analysis and design of ceramic armors. There are also some issues with the ISOSCM
model. The most significant ones are 1) the damage surface contains a discontinuity when
the pressure in the material changes the sign, and 2) the treatment of the crack opening
strain is not completely consistent with the physics of cracks.
To overcome these shortcomings, Zuo et al. [12] developed a model termed the
Dominant Crack Algorithm, or the DCA model.

Dominant Crack Algorithm (DCA) Model
In the DCA model, it is assumed, as in the ISOSCM model, that the defects (i.e.
cracks) are penny-shaped, randomly oriented and distributed throughout the material. The
crack-size distribution is also assumed to remain isotropic and exponential when the
material is under stress.
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Model Formulation
Consider the deformation of a brittle material under a general, three-dimensional
stress state. In addition to strain of the matrix (uncracked solid), opening and shearing of
the microcracks under stress contribute additional strain. This additional strain is referred
to as the crack strain. The increment of the mean strain (in the sense of an ensemble
average) due to a homogenous distribution of similar penny-shaped cracks (i.e., a crack
set) with the unit normal 𝒏 and radius 𝑐 is given by
∆𝜺𝑐 (𝝈, 𝑐, 𝒏, 𝑡) = ∆𝜀𝑐𝑜 (𝝈, 𝑐, 𝒏, 𝑡) + ∆𝜀𝑐𝑠 (𝝈, 𝑐, 𝒏, 𝑡) = 𝑛(𝑐, 𝒏, 𝑡)∆𝑐∆Ω𝛼 𝑒 𝑐 3 𝒃(𝝈, 𝒏),

(3.1)

where 𝑐 is the crack radius, 𝒏 is the unit normal, and ∆Ω is the incremental solid angle. In
the equation, 𝑛(𝑐, 𝒏, 𝑡) is the number density defining the distribution of crack radii and
orientations, which evolves with the time 𝑡. That is, 𝑛(𝑐, 𝒏, 𝑡)∆𝑐∆Ω represents the number
density of cracks (number of cracks per unit volume) whose radii are between 𝑐 and 𝑐 +
∆𝑐, and have a unit normal within a small solid angle ∆Ω around 𝒏. The variable 𝛼 𝑒 is a
material constant given by

𝛼𝑒 ≡

8(1 − 𝜈)
3𝐺(2 − 𝜈)

(3.2)

where 𝐺 is the shear modulus and ν is Poisson’s ratio. The function 𝒃(𝝈, 𝒏) is given by
the equation
𝒃(𝝈, 𝒏) = (2 − 𝜈) < 𝒏 ⋅ 𝝈𝒏 > 𝒏 ⊗ 𝒏 + (𝝈𝒏) ⊗ 𝒏 + 𝒏 ⊗ (𝝈𝒏) − 2(𝒏 ⋅ 𝝈𝒏)𝒏 ⊗ 𝒏.

(3.3)

Ignoring the interaction between cracks, the total crack strain is given by
𝜺𝑐 (𝝈, 𝑡) = ∑ ∆𝜺𝑐 (𝝈, 𝑐, 𝒏, 𝑡) ≈ ∫ ∫ 𝑛(𝑐, 𝒏, 𝑡)𝛼 𝑒 𝑐 3 𝒃(𝝈, 𝒏)𝑑𝑐𝑑Ω.
Ω,𝑐

Ω 𝑐
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(3.4)

Experiments indicate that the crack number density function can often be approximated by
an exponential function [12]
𝑛(𝑐, 𝒏, 𝑡) =

𝑁0 (𝒏) (𝑐̅(−𝑐
)
𝑒 𝒏,𝑡) ,
𝑐̅(𝒏, 𝑡)

(3.5)

where 𝑁0 (𝒏) is the initial crack number density per unit solid angle for crack orientation,
𝒏 [12]. 𝑐̅(𝒏, 𝑡) is the mean crack radius for the orientation 𝒏. Due to damage evolution,
this value changes with time. Following the assumption of isotropic crack distribution the
crack number density function simplifies to [12]
𝑁0 (𝑐̅−𝑐
)
𝑛(𝑐, 𝑡) =
𝑒 (𝑡) ,
𝑐̅(𝑡)

(3.6)

where 𝑁0 remains constant and the evolution of damage is captured through 𝑐̅(𝑡). In the
work by Addessio and Johnson ([13]), Eqn. (3.4) was integrated and expressions for the
strains due to the opening and shearing of cracks were found to be
64𝜋 1 − 𝜈
𝑁 𝑐̅3 𝝈𝑑 ,
5𝐺 2 − 𝜈 0

(3.7)

64𝜋
1
(1 − 𝜈)𝑁0 𝑐̅3 (𝝈 + 𝑡𝑟(𝝈)𝒊) 𝐻[−𝑝],
15𝐺
2

(3.8)

𝜺𝑐𝑠 (𝝈, 𝑐̅) =
𝜺𝑜𝑐 (𝝈, 𝑐̅) =

where 𝐻 is the Heaviside function taking the value of 1 when the argument is positive and
0 when negative. Eqn. (3.8), is simple to use; it is inconsistent with crack mechanics,
however, when the principal stresses have mixed signs (e.g., pure-shear). An improved
formulation, which is consistent with crack mechanics, was used in the DCA model:

𝜺𝑜𝑐 (𝝈, 𝑐̅) =

64𝜋
5
(1 − 𝜈)𝑁0 𝑐̅3 𝑷+ (𝑷𝑑 + 𝑷𝑠𝑝 ) 𝑷+ 𝝈.
15𝐺
2
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(3.9)

In the above equation, 𝑷𝑑 and 𝑷𝑠𝑝 are the deviatoric and spherical projection operators,
respectively. These are given by the equations [12]
1
𝒊⊗𝒊
3

(3.10)

𝑷𝒅 = 𝑰 − 𝑷𝒔𝒑

(3.11)

𝑷𝒔𝒑 =

where 𝒊 is the second-order identity tensor and 𝑰 is the fourth order identity tensor. The
positive projection operator, 𝑷+ , is found according to the stress state [12]. Using the
equations for strains from open and shear cracks (Eqn. (3.7) and Eqn. (3.9)), the crack
strain is given by
3

5

𝜺𝑐 (𝝈, 𝑐̅) = 𝛽𝑒 𝑁0 𝑐̅3 (2−𝜈 𝝈𝑑 + 𝑷+ (𝑷𝑑 + 2 𝑷𝑠𝑝 ) 𝑷+ 𝝈),
𝛽𝑒 =

64𝜋(1−𝜈)
15𝐺

.

(3.12)
(3.13)

In the case the material response remains purely elastic (no plasticity), the total strain is
given by the strain in the matrix material (uncracked solid) and the crack strain.
𝜺 = 𝜺𝑚 + 𝜺𝑐 (𝝈, 𝑐̅)

(3.14a)

In the above equation, the crack strain is given by Eqn. (3.12) and the matrix strain is given
by inverting Eqn. (2.1a),
𝜺𝑚 = 𝑪𝑚 𝝈,

(3.14b)

1 𝒔𝒑
1 𝒅
𝑷 +
𝑷 .
3𝐾
2𝐺

(3.14c)

for which

𝑪𝑚 =

Here 𝑪𝑚 and 𝐾 ≡ 2𝐺(1 + 𝜈)⁄3(1 − 2𝜈) are the compliance tensor and bulk modulus of
the matrix material, respectively.
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Combining Eqn. (3.12) and Eqn. (3.14b) gives the following relationship.

𝜺 = 𝑪𝑚 𝝈 + 𝛽𝑒 𝑁0 𝑐̅3 (

3
5
𝝈𝑑 + 𝑷+ (𝑷𝑑 + 𝑷𝑠𝑝 ) 𝑷+ 𝝈)
2−𝜈
2

(3.15)

By factoring out the stress tensor, the relationship can be rewritten as
3

5

𝜺 = (𝑪𝑚 + 𝛽𝑒 𝑁0 𝑐̅3 (2−𝜈 𝑷𝑑 + 𝑷+ (𝑷𝑑 + 2 𝑷𝑠𝑝 ) 𝑷+ )) 𝝈.

(3.16)

Let

𝑫(𝑐̅) = 𝛽𝑒 𝑁0 𝑐̅3 (

3
5
𝑷𝑑 + 𝑷+ (𝑷𝑑 + 𝑷𝑠𝑝 ) 𝑷+ ).
2−𝜈
2

(3.17)

𝑫(𝑐̅) is referred to as the damage tensor. It is seen that in the DCA model, the damage
tensor is a function of the statistics of the defects (the number density of the cracks and the
mean crack size), and the stress state (recall the positive projection operator, 𝑷+ , is defined
by the stress state).
As previously mentioned, the damage in the material is tracked through the
evolution of the mean crack size, 𝑐̅. This is accomplished by considering a damage surface.
When a large enough stress is applied, some of the cracks in the material become unstable
and grow in size. To determine whether crack growth occurs, the Griffith instability
criterion is applied. According to the criterion, a penny-shaped crack with radius of 𝑐̅ will
grow if

𝐹 𝑛 (𝝈, 𝒏, 𝑐̅) ≡

𝑔(𝝈, 𝒏, 𝑐̅)
− 1 ≥ 0.
2𝛾

(3.18)

In the above equation, 𝛾 is the surface energy of the material, 2𝛾 defines the critical energy
release rate, and 𝑔(𝝈, 𝒏, 𝑐̅) is the energy release rate, given by
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𝑔(𝝈, 𝒏, 𝑐̅) =

𝑓(𝝈, 𝒏)𝑐̅ 4 (1 − 𝜈)
.
𝐺
𝜋 (2 − 𝜈)

(3.19)

The stress function, 𝑓(𝝈, 𝒏), is determined by the state of the crack. If the crack is open,
then the following equation is used
𝜈
𝑓(𝝈, 𝒏) = (1 − ) 𝜎𝑛2 + 𝑠𝑛2 ,
2

(3.20)

𝜎𝑛 = 𝒏 ⋅ 𝝈𝒏,

(3.21)

where

1⁄
2,

𝑠𝑛 = [𝒏 ⋅ 𝝈2 𝒏 − (𝒏 ⋅ 𝝈𝒏)2 ]

(3.22)

are the normal and shear components, respectively, of the traction vector. For a closed
crack, friction comes into play and the stress function is then given by
𝑓(𝝈, 𝒏) = (𝑠𝑛 + 𝜇𝜎𝑛 )2 𝐻(𝑠𝑛 + 𝜇𝜎𝑛 ),

(3.23)

where 𝜇 is the coefficient of static friction. Given the stress state, the most unstable crack
is determined by the orientation that maximizes the stress function. This orientation is
referred to as the critical crack orientation and defines the dominant crack [15]. Let the
damage surface be defined by
𝐹(𝝈, 𝑐̅) = 𝐹 𝑛 (𝝈, 𝒏𝑐 , 𝑐̅) = 0.

(3.24)

If the stress state results in a damage function greater than zero, then damage accumulation
results and is captured by the evolution of the mean crack size. In previous work, Zuo and
Dienes determined the critical crack orientation for all stress states [15]. Based on this
work, the damage surface can be determined. Damage accumulation, which is measured
by an increase in the mean crack size, can be captured via the crack growth law given below

21

𝑐̅̇ = 𝑐̇𝑚𝑎𝑥 (1 −

1
),
〈𝐹(𝝈, 𝑐̅)〉

(3.25)

where 𝑐̇𝑚𝑎𝑥 is the maximum speed of crack growth [12].
For quasi-brittle materials such as sea ice and concrete, plastic deformation can occur
under certain loading conditions (e.g., when the stress state is predominantly compressive,
as in triaxial compression loading). To model plastic deformation, the rate formulation is
used here. The total strain rate, 𝜺̇ , can be decomposed into the strain rate in the matrix, the
strain rate due to the opening and shearing of cracks, the strain rate due to crack growth,
and the strain rate due to plasticity. This yields the following relationship
𝜺̇ = 𝜺̇ 𝑚 + 𝜺̇ 𝑑 + 𝜺̇ 𝑔𝑟 + 𝜺̇ 𝑝 .

(3.26)

Based on what was previously discussed, the four separate strain rates can be written as
𝜺̇ 𝑚 = 𝑪𝒎 𝝈̇ ,

(3.27)

𝜺̇ 𝑑 = 𝑫(𝑐̅)𝝈̇ ,

(3.28)

𝜺̇ 𝑔𝑟 =

𝜕𝑫(𝑐̅)
𝑐̅̇𝝈,
𝜕𝑐̅

(3.29)

3𝝈𝑑
.
2𝜎̅

(3.30)

𝜺̇ = 𝜆̇
𝑝

Eqn. (3.30) follows from Eqn. (2.24), which was discussed in Section 2.2.

Numerical Algorithm
Attention now focuses on the numerical implementation of the model. Consider a
typical time step ∆𝑡 ≡ 𝑡 𝑛+1 − 𝑡 𝑛 , where 𝑡 𝑛 and 𝑡 𝑛+1 are, respectively, the times at the
beginning and at the end of the step. The computational algorithm for the step ∆𝑡 is
summarized in the following. Suppose that the material state (i.e. stress, mean crack size,
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and plastic strain) is known at the beginning of the step. The total strain rate 𝜀̇𝑛+1 for the
step is prescribed, and the objective here is to update the stress, mean crack size, and plastic
strain.
The integration of Eqn. (3.26) over the time step gives the incremental form
𝑔𝑟

∆𝜺 = (∆𝜺𝑚 + ∆𝜺𝑑𝑐 + ∆𝜺𝑐 ) + ∆𝜺𝑝

(3.31)

where ∆𝜺 = 𝜺̇ 𝑛+1 ∆𝑡 and so on. For convenience, we define
𝑔𝑟

∆𝜺𝐷𝐶𝐴 ≡ ∆𝜺𝑚 + ∆𝜺𝑑𝑐 + ∆𝜺𝑐 = ∆𝜺 − ∆𝜺𝑝 .

(3.32)

Then it follows from Eqns. (3.26-30) that
(𝑪𝑚 + 𝑫(𝑐̅))𝝈̇ = 𝜀̇ − 𝜀̇ 𝑝 − 𝜀̇ 𝑔𝑟 .

(3.33)

Integrating Eqn. (3.33) over the time step gives
−1

𝜎 𝑛+1 = 𝜎 𝑛 + (𝑪𝑚 + 𝑫(𝑐̅𝑛 )) (∆𝜀 − ∆𝜀 𝑝 − ∆𝜀 𝑔𝑟 ).

(3.34)

As an approximation, we assume that over a small time step the damage (crack growth)
and plasticity calculations can be done separately. That is, in each step, the crack growth
𝑔𝑟

∆𝑐̅ and the strain increment due to crack growth, ∆𝜺𝑐 = ∆𝑐̅(𝜕𝑫(𝑐̅)⁄𝜕𝑐̅)𝝈, are first
calculated assuming the step does not involve plasticity. This was done using the algorithm
developed previously [12]. The stress at the end of this sub-step calculation can then be
used to calculate the plastic strain for the step, which in turn is used to update the stress
predicted by the first sub-step calculation.
Let us define the stress found by assuming that the step does not involve plasticity
as the trial stress for the second sub-step, which may actually involve plasticity:
−1

𝜎 𝑡𝑟 = 𝜎 𝑛 + (𝑪𝑚 + 𝑫(𝑐̅𝑛 )) (∆𝜀 − ∆𝜀 𝑔𝑟 ).
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(3.35)

It is seen that this new trial stress is just the stress at the end of the first sub-step calculation,
which considers damage accumulations only. It follows from Eqn. (3.34) and Eqn. (3.35)
that
𝝈𝑛+1 = 𝝈𝑡𝑟 − 𝑬𝑛 ∆𝜀 𝑝
where, for convenience, 𝑬𝑛 ≡ (𝑪𝑚 + 𝑫(𝑐̅𝑛 ))

−1

(3.36)

was introduced to represent the (4th-order)

elasticity tensor of the material at the beginning of the step. An implicit integration of Eqn.
(2.24) over the step gives
3 𝝈𝑑

𝑛+1

∆𝜀 𝑝 = ∆𝜆𝑵𝑛+1 = ∆𝜆 2 ( 𝜎̅ )

.

(3.37)

= 𝝈𝑡𝑟 .

(3.38)

Substitution of Eqn. (3.37) into Eqn. (3.36) gives
3 𝝈𝑑

𝑛+1

𝝈𝑛+1 + 𝑬𝑛 ∆𝜆 2 ( 𝜎̅ )

Since the distribution of the cracks is assumed to remain isotropic during loading, it is
reasonable to assume that the elasticity tensor of the material also remains isotropic. Let
𝑬𝑛 = 3𝐾 𝑛 𝑷𝑠𝑝 + 2𝜇 𝑛 𝑷𝑑

(3.39)

where 𝐾 𝑛 and 𝜇 𝑛 are the current (damaged) bulk and shear moduli of the material at the
beginning of the step. It follows from Eqns. (3.38) and (3.39) that
(1 +

3𝜇 𝑛 ∆𝜆
) (𝝈𝑛+1 )𝑑 = (𝝈𝑡𝑟 )𝑑
𝜎̅ 𝑛+1
𝑝𝑛+1 = 𝑝𝑡𝑟

(3.40a)
(3.40b)

where (𝝈𝑛+1 )𝑑 and 𝑝𝑛+1 are respectively the stress deviator and the pressure at the end of
the step; (𝝈𝑡𝑟 )𝑑 and 𝑝𝑡𝑟 are the corresponding values for the trial stress:
1
𝑝𝑡𝑟 = − 𝑡𝑟(𝝈𝑡𝑟 )
3

(3.41a)

(𝝈𝑡𝑟 )𝑑 = 𝝈𝑡𝑟 + 𝑝𝑡𝑟 𝒊.

(3.41b)
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It follows from Eqn. (3.40a) that
(𝝈𝑛+1 )𝑑 =

𝝈𝑑
( )
𝜎̅

𝑛+1

(𝝈𝑡𝑟 )𝑑
3𝜇 𝑛 ∆𝜆
(1 + 𝑛+1 )
𝜎̅

(3.42a)

𝑑

𝝈𝑛+1
𝝈𝑡𝑟
= ( 𝑛+1 ) = 𝑡𝑟
𝜎̅
𝜎̅

(3.42b)

where 𝜎̅ 𝑡𝑟 = √3⁄2 (𝝈𝑡𝑟 : 𝝈𝑡𝑟 ) is the trial von Mises stress. Eqn. (3.42a) implies that the
direction of the stress deviator at the end of the step is the same as that at the trial state,
which is available once the trial state is found, and that the normal to the yield surface can
be calculated solely based on the trial state. It follows from Eq. (3.42a) that
3
𝜎̅ 𝑡𝑟
𝜎̅ 𝑛+1 = √ ((𝝈𝑛+1 )𝑑 : (𝝈𝑛+1 )𝑑 ) =
3𝜇 𝑛 ∆𝜆
2
(1 + 𝑛+1 )
𝜎̅

(3.43)

𝜎̅ 𝑛+1 = 𝜎̅ 𝑡𝑟 − 3𝜇 𝑛 ∆𝜆.

(3.44)

Or,

That is, the plastic parameter ∆𝜆 is proportional to the distance from the trial state to the
final state.
In an implicit algorithm, the final stress state (at the end of the step) is required to
be on the yield surface
𝑓(𝝈𝑛+1 ) = 𝜎̅ 𝑛+1 − 𝜎𝑦 = 0.

(3.45)

The substitution of Eqn. (3.44) to Eqn. (3.45) solves for the plastic parameter ∆𝜆:
∆𝜆 =

̅ 𝑡𝑟 −𝜎𝑦
𝜎
3𝜇 𝑛

𝑓 𝑡𝑟

= 3𝜇𝑛.

(3.46)

With the plastic parameter ∆𝜆 solved from Eqn. (3.46), the plastic strain increment for the
time increment is found
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3 (𝝈𝑡𝑟 )

3 𝝈𝑑

∆𝜀 𝑝 = ∆𝜆 2 ( 𝜎̅ ) = ∆𝜆 2

̅ 𝑡𝑟
𝜎

𝑑

.

(3.47)

It follows from Eqn. (3.42b) that
(𝝈𝑛+1 )𝑑 =

(𝝈𝑡𝑟 )
̅ 𝑡𝑟
𝜎

𝑑

𝜎𝑦

𝜎̅ 𝑛+1 = 𝜎̅𝑡𝑟 (𝝈𝑡𝑟 )𝑑 .

(3.48)

That is, in the deviatoric plane, the final stress can be found by returning the trial stress
back onto the yield surface along a radial direction (the direction of the trial stress). With
the pressure and the deviatoric parts known, the final stress is
𝜎𝑦

𝝈𝑛+1 = (𝝈𝑛+1 )𝑑 − 𝑝𝑛+1 𝒊 = 𝜎̅𝑡𝑟 (𝝈𝑡𝑟 )𝑑 − 𝑝𝑡𝑟 𝒊.

(3.49)

The stress has been corrected and the plastic strain calculated; hence, the calculation for
the step is complete.
A set of computer subroutines were written to implement the numerical algorithm
discussed above. A stand-alone driver program was also written which provides the strain
history to the newly developed constitutive model. The numerical results are given next.
As a numerical test of the new model for quasi-brittle materials, accounting for
both damage and plastic deformation, we consider the response of a model quasi-brittle
material under uniaxial strain condition. To show the effects of plasticity in the predicted
response of the quasi-brittle material, 4 different yield stresses were chosen: 𝜎𝑦 =
500 𝑀𝑃𝑎 (this was done to make sure the results reduce to the results for the classical DCA
model which does not take into consideration of plasticity in the material), 5 𝑀𝑃𝑎,
2.5 𝑀𝑃𝑎, and 1.0 𝑀𝑃𝑎. The result is shown below in Fig. 3.1.
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Figure 3.1: Typical stress-strain response predicted by the DCA model.

It can be seen that for the loading path considered, the response for 𝜎𝑦 = 5.0 𝑀𝑃𝑎 is
practically identical to that predicted by the classical DCA model, and the strain-softening
response is due to the growth of microcracks in the materials. It is also seen that taking
into consideration plastic deformation in the cases where 𝜎𝑦 = 2.5 𝑀𝑃𝑎 and 1.0 𝑀𝑃𝑎,
clearly gives more compliant response of the material.
Next, we consider the response of a quasi-brittle material with very small initial
crack size (damage). The response predicted by the new model is shown in Fig. 3.2.
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Figure 3.2: Stress-strain relationship showing perfect plasticity.

It is seen that the response is elastic-plastic with no damage accumulation (the stress in the
material is controlled by the yield surface and never reaches the initial damage surface), as
expected for a quasi-brittle material with low initial defects.
The purpose of these two examples is to verify that the model formulation and the
associated numerical implementation are consistent with the behavior of quasi-brittle
materials. We now proceed to extend the model to consider size effect in sea ice.
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Incorporating Size Effect into DCA
To account for the size effect in materials, the following simple equation is
incorporated into the DCA model
𝑚

𝐴
𝑐̅0 = (
) 𝑐̅0 𝑟𝑒𝑓 ,
𝐴𝑟𝑒𝑓

(3.50)

where 𝑐̅0 is the initial mean crack size, A is the contact area under consideration, 𝑐̅0 𝑟𝑒𝑓 is
the reference mean crack size for reference contact area, 𝐴𝑟𝑒𝑓 .

The exponent 𝑚

characterize the sensitivity of the initial defects to the sample size. The new model’s
constants are 𝐴𝑟𝑒𝑓 , 𝑐̅0 𝑟𝑒𝑓 , and 𝑚. Typically, Aref is set at 1.0𝑚2, and 𝑐̅0 𝑟𝑒𝑓 is selected
based on the response of the material at Aref . For a given material the effect of sample size
on the response is then completely determined by the exponent m. The new extended
model was applied to sea ice and the results are presented in the next chapter.
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CHAPTER 4

COMPUTATIONAL MODELING OF SEA ICE

In this chapter, the extended DCA model is applied to study the mechanical
response of sea ice. General stress-strain behavior of sea ice predicted by the model is
discussed. The size effect on the response, in particular, the effect of contact area on the
maximum local pressure in ice is investigated. The results predicted by the extended model
are compared with the results given by an empirical model (ISO-19906), which has been
widely used in the design of arctic structures.

Modeling of Sea Ice
Sea ice is of important concern to the designers of structures in arctic regions.
Considerable pressure load can be induced on a structure when it is impacted by a large
sheet of sea ice. For a successful design of the structure, the pressure load due to sea ice
must be adequately accounted for. Previous research has found that the ice pressure is not
a material constant, but it depends on the area of contact between the ice and the structure
[16-18]. In specifications for structural design against ice loads, empirical models based
on field test data are used to relate the pressure as a function of the contact area [18]. The
objective of the current research is to provide a physical understanding of the size effect in
sea ice.
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The structure of sea ice is complex and varies widely depending on the conditions
of its formation. Porosity, grain size, salinity, density, and gaseous content are examples
of the many variables affecting the mechanical properties of sea ice [16, 17]. Sea ice is a
polycrystalline material that can have brittle or ductile behavior depending on the
conditions (e.g., high pressure can result in plastic deformation, instead of microcracking
which normally occurs in sea ice).
The response of sea ice under loading is modeled by the extended DCA model. The
numerical results are given next. The material constants for sea ice used in the model are
shown in Table 4.1.

Table 4.1: Material constants for sea ice.
 (kg / m3 ) , mass density

920.

G (GPa ) , shear modulus

4.0 (-5 o C )

 , Poisson’s ratio

0.25

c0 ref (cm) , initial crack size for Aref

5.0x10-3, 5.0x10-4, 5.0x10-5

Aref (m 2 ) , reference contact area

1.0

N 0 ( cm 3 ), crack number density

1.0x 105

 ( J / m 2 ), surface energy

0.034

 , friction coefficient

0.1

 y ( MPa) , yield stress

40

m , parameter for initial crack size

0.5, 1.0, 1.5, 2.0, 2.5
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As for all model-based simulations, the sensitivity of the numerical results to the
changes in the model parameters is important. To that end, the two most important
parameters which control the size effects, namely, the exponent parameter 𝑚 and the initial
mean crack size for the reference area, 𝑐̅0 𝑟𝑒𝑓 , were studied.
The parameter 𝑚 was varied between 0.5, 1.0, 1.5, 2.0, and 2.5 with the rest of the
parameters set as they are listed in the table above (𝑐̅0 𝑟𝑒𝑓 = 5.0 × 10−3 cm). For the effect
of varying reference initial mean crack size, 𝑐̅0 𝑟𝑒𝑓 , three values were used: 5.0 × 10−3 cm,
5.0 × 10−4 cm, and 5.0 × 10−5 cm. For these simulations, 𝑚 was set to 1.5. Uniaxial stress
loading was considered in all calculations. A compressive strain of 0.01 (1%) was applied
to the material with a constant strain rate of 1.0 × 103 /𝑠. Six contact areas were studied:
0.1, 0.2, 0.5, 1.0, 10.0, and 20.0 𝑚2 . The results are discussed next.

Discussion of Simulation Results
The stress-strain responses of the sea ice for the five different values of parameter
𝑚 are shown in Figs. 4.1 to 4.5. Each of the figures contains the stress-strain curve for six
values of contact area A.
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Figure 4.1: Stress-strain results for 𝒎=0.5.
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Figure 4.2: Stress-strain results for 𝒎=1.0.

33

0.01

45
A=0.1
A=0.2
A=0.5
A=1.0
A=10.0
A=20.0

40
35

Stress [MPa]

30
25
20
15
10
5
0

0

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009

0.01

Strain ( 11)

Figure 4.3: Stress-strain results for 𝒎=1.5.
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Figure 4.4: Stress-strain results for 𝒎=2.0.
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Figure 4.5: Stress-strain results for 𝒎=2.5.

The effect the parameter 𝑚 has on the maximum stress (pressure) is clearly seen in these
figures. For the smaller values of 𝑚 (i.e. 0.5 and 1.0), for the sample sizes considered the
maximum stresses are well below the yield stress of the sea ice, which is set at 40 MPa (see
Table 4.1). Consequently, the responses of the sea ice are completely controlled by crack
growth, resulting in brittle response. On the other hand, for the larger values of 𝑚 (for
example m=2.5) the maximum stresses for the small samples are much larger, often
reaching the yield stress of 40 MPa. In fact, in some cases, crack growth (brittle behavior)
never occurs and the response remains plastic for small samples (A=0.1 𝑚2 ). This is
reasonable as a small sample of sea ice contains defects of small size and tends to behave
elastic-plastically, similar to a ductile material.
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Further insights on these trends is gained from looking at the initial mean crack size
calculated using the different values of 𝑚. Below is a table showing these calculations.

Table 4.2: Calculated initial mean crack size for various values of 𝒎.
m
0.5
1
1.5
2
2.5

A=0.1 𝒎
1.58E-03
5.00E-04
1.58E-04
5.00E-05
1.58E-05

𝟐

A=0.2
2.24E-03
1.00E-03
4.47E-04
2.00E-04
8.94E-05

𝒄̅𝟎 [cm]
A=0.5
A=1.0
3.54E-03 5.00E-03
2.50E-03 5.00E-03
1.77E-03 5.00E-03
1.25E-03 5.00E-03
8.84E-04 5.00E-03

A=10.0
1.58E-02
5.00E-02
1.58E-01
5.00E-01
1.58E+00

A=20.0
2.24E-02
1.00E-01
4.47E-01
2.00E+00
8.94E+00

It can be seen that the predicted behavior quickly changes for 𝑚=2.5 because the calculated
initial mean crack size is very small and rapidly increases in size (i.e. centimeters) as the
contact area increases. Also evident from the table is how large the mean initial crack size
actually gets with large values of 𝑚. For example, take the case of the sample of 20 𝑚2 .
The calculated 𝑐̅0 is 8.94 cm, significantly larger than the reference value of 5.0𝑥10−3 cm,
resulting in a significantly lowered maximum stress in ice.
Looking at the table on the other end of the spectrum, for example 𝑚=0.5, the initial
mean crack size slowly increases with the sample size, explaining why the contact area
does not appear to have a significant effect on the predicted behavior. These trends are to
be expected as the parameter 𝑚 modulates the effect of changing sample size on the initial
defects and hence the material response.
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Similar to the parameter 𝑚, the effects of the reference initial mean crack size,
𝑐̅0 𝑟𝑒𝑓 , on the response of sea ice were studied using the extended DCA model. Three values
of 𝑐̅0 𝑟𝑒𝑓 were considered and the results are shown below in Figs. 4.6-4.8.
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Figure 4.6: Stress-strain relationship for 𝒄̅𝟎 𝒓𝒆𝒇 = 𝟓. 𝟎𝒙𝟏𝟎−𝟑cm.
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Figure 4.7: Stress-strain relationship for 𝒄̅𝟎 𝒓𝒆𝒇 = 𝟓. 𝟎𝒙𝟏𝟎−𝟒cm.
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Figure 4.8: Stress-strain relationship for 𝒄̅𝟎 𝒓𝒆𝒇 = 𝟓. 𝟎𝒙𝟏𝟎−𝟓 cm
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One important common theme is that for the initial crack size below a certain value,
the response is governed by plasticity. Beyond this critical value, the initial crack size
plays a significant role as the response is controlled by crack growth and the yield stress is
rarely reached. This theme is consistent with the results discussed earlier when the
parameter 𝑚 was changed.
Next, these simulation results were compared to the empirical models currently
used in design in the form of pressure-area curves. Much work has been completed in this
area of ice research. Empirical data is collected and used to find general pressure-area
relationships. For example, CSA S471 is given by the following relation [18].
𝑝 = 8.1𝑎−0.5

(4.2)

Similarly, Sanderson [19] collected several data points in different scenarios to investigate
sea ice mechanical responses. Below is a figure showing several different currently
accepted sea ice pressure-area curves.
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Figure 4.9: Pressure-area relationships for commonly accepted models.

It is evident from this figure that the general trend is decreasing pressure with increasing
sample contact area. Again, this is expected due to the fact the initial mean crack size will
increase with increasing sample size resulting in lower maximum pressures. The results
from the extended DCA model will be compared to those given in the ISO 19906 and CSAS471, two widely used empirical models. It is also apparent, however, that the several
models don’t agree very well at all, which is a testament to the difficulty in capturing the
behavior of some materials. Due to this variance, the DCA model will be compared to a
single model, ISO 19906. The results from the DCA simulations were plotted as pressurearea curves as seen in the figure below. In all DCA calculations shown in Fig. 4.10-4.11,
the reference value for the initial crack size was set at 𝑐̅0 𝑟𝑒𝑓 = 5.0𝑥10−3 𝑐𝑚, but several
values of 𝑚 were considered.
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Figure 4.10: Pressure-area relationships for varying values of 𝒎.

A comparison of the pressure-area curves predicted by the extended DCA model and the
empirical models in the ISO 19906 and CSA-S471 is shown in Fig. 4.11. It is seen in the
figure that the results with 𝑚=1.5 matches the ISO 19906 almost exactly, whereas the
𝑚=1.0 results most closely resembles the CSA-S471 curve.
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Figure 4.11: Selected pressure-area relationship comparisons.

As was performed in the case of varying parameter 𝑚, pressure-area curves were
created for varying values of 𝑐̅0 𝑟𝑒𝑓 and plotted with the ISO 19906 model for sea ice. The
result can be seen in the figure below.
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Figure 4.12: Pressure-area relationship for varying values of 𝒄̅𝟎 𝒓𝒆𝒇 .

It is apparent from the figure that varying 𝑐̅0 𝑟𝑒𝑓 essentially shifts the pressure-area curve
up or down, while maintaining the material yield stress as the maximum value. As
expected, 𝑐̅0 𝑟𝑒𝑓 = 5.0𝑥10−3 𝑐𝑚 captured the ISO 19906 pressure-area relation the best.
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CHAPTER 5

CONCLUSIONS

A micromechanics-based damage model, the Dominant Crack Algorithm (the DCA
model), has been extended to account for the size effect in brittle materials. The DCA
model simulates the damage behavior of a brittle material under a general, threedimensional loading by statistically averaging the response of microcracks in the material.
Von Mises plasticity formulation was included in the DCA model to account for plastic
deformation of quasi-brittle materials. Size effect was incorporated into the DCA model
by allowing the initial defects (the mean crack radius) to vary with the size of the material
sample. The extended model was applied to study the effect of contact area on the local
pressure in sea ice, a quasi-brittle material of considerable importance for many
applications (e.g., design of arctic structures). Numerical results of the extended model
show that the size effect predicted by the model agrees well with that given by ISO-19906,
which is an empirical model currently used in design. As the model is based on the
micromechanics of material defects, results of this research provide a mechanics basis for
ISO-19906.
The numerical results further show that for the sea ice considered here, there seems
to exist a critical initial mean crack size at which the behavior transitions from primarily
plasticity controlled (ductile behavior) to primarily damage controlled (brittle behavior).
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Future work includes investigating more general stress states (only uniaxial
condition was considered in this research) to see how the stress state might influence the
size effect reported here. Furthermore, investigation should be performed on other brittle
and quasi-brittle materials. It is anticipated that the general formulation is valid but the
parameters would change (especially the sensitivity parameter 𝑚 introduced in this work);
but that remains to be seen.
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